We study the η ′ g * g * vertex for arbitrary gluon virtualities in the time-like and spacelike regions, using the perturbative QCD hard scattering approach and an input wavefunction of the η ′ -meson consistent with the measured η ′ γ * γ transition form factor. The contribution of the gluonic content of the η ′ -meson is taken into account. We also study the effect of the transverse momenta of the partons in the η ′ -meson on the η ′ g * g * vertex, using the modified hard scattering approach based on Sudakov formalism, and contrast the results with the ones in the standard hard scattering approach in which such effects are neglected. Analytic expressions for the η ′ g * g * vertex are presented in limiting kinematic regions and parametrizations are given satisfying the QCD anomaly, for real gluons, and perturbative QCD behavior for large gluon virtualities, in both the time-like and spacelike regions. Our results have implications for the inclusive decay B → η ′ X and exclusive decays, such as B → η ′ (K, K * ), and in hadronic production processes N + N(N ) → η ′ X.
Introduction
The vertex involving the coupling of two gluons and η ′ -meson F (q and q 2 2 represent the virtualities of the two gluons) enter in a number of production and decay processes. For example, the inclusive decays B → η ′ X s [1] and exclusive decays B → η ′ K [2, 3] , involve, apart from the matrix elements of the four-quark operators, the transitions b → sg * , followed by g * → η ′ g [4, 5] , b → sgg followed by gg → η ′ [6] , as well as the transitions g * g * → η ′ and g * g → η ′ [7] . Thus, a reliable determination of the vertex function (which can also be termed as the transition form factor) F (q is an essential input in a quantitative understanding of these and related decays. Apart from the mentioned B-decays, the η ′ g * g ( * ) vertex plays a role in a large number of processes among them the radiative decay J/ψ → η ′ γ and the hadronic production processes N + N(N) → η ′ + X, where N is a nucleon. The QCD axial anomaly [8] , responsible for the bulk of the η ′ mass, normalizes the vertex function on the gluon mass-shell, yielding F (0, 0, m 2 η ′ ). The question that still remains concerns the determination of the vertex for arbitrary timelike and space-like virtualities, q 2 i ; i = 1, 2. A related aspect is to understand the relation between the η ′ g * g * vertex and the wave-function of the η ′ -meson. Stated differently, issues such as the transverse momenta of the partons in the η ′ -meson and their impact on the η ′ g * g * vertex have to be studied quantitatively. While information on the η ′ g * g * vertex is at present both indirect and scarce, its electromagnetic counterpart involving the coupling of two photons and the η ′ -meson, F η ′ γ * γ , more generally the meson-photon transition form factors, has been the subject of intense theoretical and experimental activity. In particular, the hard scattering approach to transition form factors, developed by Brodsky and Lepage [9] , has been extensively used in studying perturbative QCD effects and in making detailed comparison with data [10] . Variations on the hard scattering approach, in which transverse degrees of freedom are included in the form of Sudakov effects in transition form factors [11, 12] , have also been employed in data analyses. It has been argued [12, 13, 14] that the Sudakov effects improve the applicability of perturbative QCD methods down to moderate values of Q 2 and give a better account of data on meson-photon transitions [15] . For a critical review and comparison of the standard (Brodsky-Lepage) and modified hard scattering approaches, see Refs. [16, 17] . We note that either of these approaches combined with data constrains the input wave-function for the quark-antiquark part of the η ′ -meson. However, the gluonic part of the η ′ -meson wave-function is not directly measured in these experiments and will be better constrained in future experiments sensitive to the η ′ g * g * vertex. A closely related issue is that of the η − η ′ mixing. There exist good theoretical [18] and phenomenological reasons [19] to suspect that the frequently assumed pattern of the decay constants f 
2) the angle θ 1 and θ 8 are found to differ considerably due to non-negligible SU(3) F -breaking effects [18, 19] . In contrast, it is natural to expect that the state mixing is determined essentially by a single angle, as the state η c is far too heavy to be significant in the statemixing in the η-η ′ complex. A growing consensus is now emerging in favor of the two mixing-angle scheme of Leutwyler [18] for the decay constants in Eq. (1.2) [19, 20] , and we shall abide by this scheme in our analysis.
Based on the foregoing discussion, it is natural to use the hard scattering approach to study the η ′ g * g * vertex, incorporating the information on the wave-function and the mixing parameters entering in the η − η ′ complex from existing data involving the electromagnetic transitions. A first step in this direction was undertaken recently by Muta and Yang [21] . They derived the η ′ g * g vertex in the time-like region in terms of the quarkantiquark and gluonic parts of the η ′ wave-function, taking into account the evolution equations obeyed by these partonic components [22] . In this paper, we also address the same issue along very similar lines. We first rederive the η ′ g * g vertex, pointing out the agreement and differences between our results and the ones in Ref. [21] . We then extend our analysis to the case when both the gluons are virtual, having either the time-like or space-like virtualities. We also present a number of results on the vertex function F (q η ′ ) in the asymptotic region, which have not been presented earlier to the best of our knowledge, and are of use in future theoretical analysis, in particular in the B → η ′ X and B → η ′ (K, K * ) transitions. We study the effects of the transverse momentum distribution involving the constituents of the η ′ meson and take into account soft-gluon emission from the constituent partons by including the QCD Sudakov factor, following techniques en vogue in studies of the electromagnetic form factors of the mesons [14, 23, 17] . We show the improvements in the η ′ g * g ( * ) vertex function due to the inclusion of the transverse-momentum and Sudakov effects, which is particularly marked in the space-like region, improving the applicability of the hard scattering approach to low values of Q 2 . These effects have a bearing on the hard scattering approach to exclusive non-leptonic decays [24] ; the importance of the transverse-momentum and Sudakov effects in the decays B → ππ and B → Kπ has also been recently emphasized in [25] . Finally, we also derive approximate formulae for the η ′ g * g ( * ) vertex, which satisfy the axial-vector anomaly result for on-shell gluons and the asymptotic behavior in the large-Q 2 domain, determined by perturbative QCD. This paper is organized as follows: In section 2, we specify the η -η ′ mixing formalism and the evolution equations for theand gluonic wave functions of the η ′ meson. In section 3, thecontribution to the off-shell η ′ g * g * vertex is worked out in the hard scattering approach. The corresponding contributions from the gluons are presented in section 4. In section 5, we implement the transverse-momentum effects and derive the Sudakov-improved η ′ g * g * vertex. Numerical results are presented in section 6, where we also show comparison with existing results. In section 7, we give simple formulae for the η ′ g * g * vertex, which interpolate between the well-known limiting cases. Our main results are summarized in section 8. Appendix A contains the solution of the evolution equations for the wave functions φ (q) (x, Q 2 ) and φ (g) (x, Q 2 ), and the function J(ω, η) introduced in the derivation of the η ′ g * g * vertex in section 3 is given in Appendix B.
η ′

Wave-Function
The η ′ -meson is not a flavor-octet meson state and, hence, in addition to the usual quark content the η ′ wave-function has a gluonic admixture. In principle, there also exist a cc component in the η ′ wave-function, but it has been estimated to be rather small in well-founded theoretical frameworks [6, 26, 20] , and hence ignored. We take the parton Fock-state decomposition of the η ′ -meson wave-function as follows:
where the SU(3) F symmetry among the light u, d and s quarks is assumed so that |η ′ q > ∼ |ūu +dd > / √ 2 and |η ′ s > ∼ |ss > are the quark Fock states and φ is the mixing angle; |η ′ g > ∼ |gg > is the two-gluon Fock state. In Ref. [22] the eigenfunctions of the mixing quark |qq > and gluonic |gg > state:
where f q and f s are the decay constants of η ′ q and η ′ s , have been calculated by solving the evolution equations. The result for the quark and gluonic components is presented as infinite series of the Gegenbauer polynomials of the indices 3/2 and 5/2 [27] and can be found in Appendix A. Previous analyses show that it is a good approximation to consider only a few first terms in the expansion of the quark and gluonic wave-function. Here, we shall keep the leading two terms in the expansion for φ (q) (Q 2 , x), and keep only the first term for φ (g) (Q 2 , x):
where x andx = 1 − x are the energy fractions of two partons inside the η ′ -meson and Q 2 > 0 is the energy scale parameter. It is seen that in the limit Q 2 → ∞ the quark wave-function (2.4) turns to its asymptotic form φ as (x) = 6xx (the same asymptotic behavior as the pion wave-function [9] due to its quark content), while the gluonic wavefunction (2.5) vanishes in this limit, φ (g) as = 0. The coefficients of the expansion of the wave-functions (2.4) and (2.5) are calculated by using perturbation theory and include the effective QCD coupling α s (Q 2 ), which in the next-to-leading logarithmic approximation is given by [28] 
where β 0 = 11 − 2n f /3, β 1 = 51 − 19n f /3, Λ = Λ QCD is the QCD scale parameter, and n f is the number of quarks with masses less than the energy scale Q. In the energy region m bottom quark masses, respectively, we will use the value of the dimensional parameter Λ
= 280 MeV corresponding to four active quark flavors [28] . The requirement that the effective QCD coupling is continuous at the flavor thresholds leads to a change of Λ in the threshold energy regions where n f changes. This implies that for Q 2 < m 2 c , the value of Λ is rescaled, yielding Λ 
Vertex
The diagrams depicting the quark-antiquark content of the η ′ g * g * vertex (or transition amplitude) are shown in Fig. 1 . The invariant amplitude corresponding to the quark contribution to the η ′ g * g * vertex in the momentum space can be defined as:
where P µ and m η ′ are the four-momentum and the mass of the η ′ -meson, respectively, / P = P µ γ µ , γ µ and γ 5 are the Dirac γ-matrices, and T
H is the hard amplitude connected with the effective quark-antiquark-two-gluon vertex by the following relation:
where the summation over the quarks' colors α and β allows to get a color-singlet meson state and x andx have been defined earlier in Sec. 2. In the leading order in the strong coupling α s , the effective quark-antiquark-gluon-gluon vertex is presented in Fig. 2 and has the form: the quark mass, and / q = q µ γ µ . In the calculation of the amplitude, we have neglected all the quark masses m q as they are much smaller than the energy scale parameter Q.
Defining the quark contribution to the
η ′ g * g * as:
the result of the calculation is:
(3.5) Note that the quark wave-function of the η ′ -meson satisfies the symmetry condition [22] . When one of the gluons is on the mass shell, for example q 2 2 = 0, the quark part of the
, agrees with the one presented in Ref. [21] .
In the case when both virtualities of the gluons are of the same signs (space-like q 
where q 2 = q it is natural to consider the absolute value of the total virtuality Q 2 = |q 2 |. The quark contribution, F (q) η ′ g * g * , corresponding to keeping the first two terms in the quark wavefunction (2.4) is:
where the functions G 
The function J(ω, η) is defined and analyzed in Appendix B.
In the space-like region of the gluon virtualities, where η < 0, the η ′ g * g * vertex is real as in this case the quark propagator does not have poles which is clearly seen from Eq. (3.6). In the time-like region of the virtualities, for those values of the asymmetry ω and the relative η ′ -meson mass squared η for which the inequality ω 2 + (1 − η) 2 > 1 is satisfied (Fig. 3) , an imaginary part in the vertex function appears due to the function J(ω, η) as the result of the iǫ prescription of the quark propagator (see Eq. (3.5)). Notice that if one of the gluons is on the mass shell, for example the second one, q 
3 . This rapid increase of the imaginary part of the η ′ g * g * vertex function with the total gluon virtuality seems unphysical and the natural prescription in the Brodsky-Lepage approach is to drop the imaginary part. The physical interpretation of this procedure will be discussed in Sec. 5. In the following, we shall drop the imaginary part of η ′ g * g * vertex in the Brodsky-Lepage approach. It is useful to find the asymptotics of the quark contribution to the
for arbitrary values of the asymmetry parameter ω. As in the case of the πγ * γ * transition form factor the function describing the η ′ g * g * vertex decreases like ∼ 1/Q 2 : where the two functions of the asymmetry parameter introduced above are defined as follows:
The functions f 0 (ω) and f 2 (ω) are displayed in Fig. 4 . As both these functions are symmetric in their arguments:
we present them in the region 0 ≤ ω ≤ 1 only. These functions take their maximum values at the extremal values of the asymmetry ω: f 0 (±1) = 1 and f 2 (±1) = 1/6. At small values of the asymmetry parameter (|ω| ≪ 1), f 2 (ω) has a quadratic behavior f 2 (ω) ≃ 4ω 2 /105 and goes to zero with ω, while f 0 (ω) is finite at ω = 0: f 0 (0) = 2/3. This implies that if the gluon virtualities are comparable to each other, i.e. q is:
where in this case now
2 )/q 2 is the asymmetry parameter, the relative η ′ -mass squared is η = m In the region of large Q 2 the quark contribution to the η ′ g * g * vertex has the same 1/Q 2 behavior (3.10) as in the case of the gluon virtualities of the same signs, but it has a different dependence on the asymmetry parameter f i (ω) →f i (ω) (i = 0, 2) where:
The function f 0 (ω) is defined in Eq. (3.11), and the curves corresponding to these functions are presented in Fig. 5 . Note that these functions are also symmetric in the asymmetry parameter:f i (−ω) =f i (ω), like the functions f i (ω) encountered earlier. If one of the gluons is on the mass shell, for example the second one (q 2 2 = 0), the leading and next-to-leading contributions are simplified:
, (3.14)
In the limit of the large gluon virtuality (|q
vertex has the form: Figure 6 : Leading order contribution to the gluonic part of the η ′ g * g * vertex.
For the space-like gluon virtuality q 2 1 < 0 it is worth noting that Eqs. (3.14) and (3.15) are suitable when the gluon four-momentum satisfies the condition: |q
In the case of the smaller absolute values of the gluon virtuality the η ′ -meson mass, m η ′ , becomes the largest scale parameter. The strong coupling α s should be estimated at that value of the scale parameter which corresponds to the following change in Eqs. (3.14) and (3.15):
The invariant amplitude of the gluon contribution to the η ′ g * g * vertex can be defined as:
H is the hard amplitude of the gluonic content shown in Fig. 6 . In the BrodskyLepage approach it is connected with the effective four-gluon vertex by the following relation:
where the summation over the gluons' colors c and d allows to get the two-gluon colorsinglet state. In the leading order in the strong coupling α s the effective four-gluon vertex has the contributions from the diagrams of the four-gluon annihilation shown in Fig. 7 and can be written in the form:
The effective four-gluon vertex and leading order contributions.
Let us define the gluonic contribution,
The result of the calculation is:
(4.5) Note that the gluonic wave-function of the η ′ -meson satisfies the antisymmetry condition [22] . It implies that if the relative sign in the brackets were a "+" (as given in Eq. (6) in Ref. [21] ) the gluonic contribution to the η ′ g * g * vertex would vanish identically. We disagree with the result stated in Ref. [21] on this point.
When the gluon virtualities are of the same signs, the gluonic contribution to the η ′ g * g * vertex can be presented in the form: 6) where the total gluon virtuality q 2 , the asymmetry parameter ω, and η are the same as the ones entering in Eq. (3.6) and we have set the scale Q 2 = |q 2 |. After the integration, and taking into account the gluonic wave-function (2.5), the result is:
where the function G (g) 2 has the following expression:
Note that this function is antisymmetric in its first argument under the change ω → −ω:
2 (ω, η). As in the case of the quark-antiquark contribution to the η ′ g * g * vertex, the gluonic contribution also contains an imaginary part due to the function J(ω, η) as a result of the iǫ prescription of the gluon propagator. The imaginary part of the gluonic contribution has a cubic dependence on the total gluon virtuality, Im
3 , in complete analogy with the next-to-leading quark contribution. We use the Brodsky-Lepage prescription discussed in the preceding section and drop the imaginary part in the analysis of the vertex function.
The gluonic contribution to the η ′ g * g * vertex has the same 1/Q 2 asymptotics at large Q 2 (η → 0) as the quark contribution (3.10): 10) where the function f 0 (ω) is defined by Eq. (3.11). Note that the gluonic function g 2 (ω) is antisymmetric: g 2 (−ω) = −g 2 (ω), in contrast with the quark functions f i (−ω) = f i (ω) (i = 0, 2). The curve corresponding to g 2 (ω) is presented in Fig. 4 . It takes its maximum and minimum values at the borders of the argument domain: g 2 (±1) = ±1/6 and g 2 (0) = 0, respectively, because of the antisymmetry condition. Again, as in the next-to-leading order quark contribution to the η ′ g * g * vertex, the gluonic contribution has an additional suppression due to the function g 2 (ω) for the gluons with comparable virtualities.
For the case when the gluons virtualities have opposite signs (q
be presented in the form given in Eq. (4.7) but with a different dependence on the parameters ω and η:
The large Q 2 behavior of the η ′ g * g * vertex is the same as in the case of the gluon virtualities of the same signs (Eq. (4.9)) but involves a different function of the asymmetry parameter:
The function g 2 (ω) is shown graphically in Fig. 5 . In contrast to the function g 2 (ω), given in Eq. (4.10), which is antisymmetric in its argument, the functiong 2 (ω) is symmetric:
When one of the gluons is on the mass shell, say, the second gluon (q 2 2 = 0), the leading gluonic contribution to the form factor is:
vertex takes the form:
. (4.14)
As noted in the case of the quark contribution, when the gluon virtuality is time-like, q 
In discussing the η ′ g * g * vertex for the situation in which one of the gluons or both are far from the mass shell, the typical mass scale Q 2 can be defined by the largest virtuality q , and it becomes mandatory to sum the multiple-gluon emissions. The formalism for the soft and collinear gluon resummation was introduced by Collins and Soper [29] and Collins, Soper and Sterman [30] . Such gluon emissions give rise to powers of double logarithms in each order of perturbation theory and their contribution exponentiates into the Sudakov function [31] . The Sudakov exponents are known both for quarks from the Drell-Yan (DY) process and the deep inelastic scattering (DIS), and for gluons from the gluon fusion into 2γ, gauge, or Higgs bosons final states. This formalism is also suitable for the description of the hadronic wave-functions and the hadronic form factors, such as the electromagnetic form factor of the pion [12, 14, 23, 32, 33] , and is also of interest here.
In the modified Hard Scattering Approach (mHSA) [12] , the quark and gluonic invari-ant amplitudes which define the η ′ g * g * vertex can be written as:
where b is the separation between the η ′ constituents in the transverse configuration space, often called the impact parameter, k ⊥ is the transverse momentum of one of the constituents in the η ′ -meson rest-frame, and the functions T
(q)
H and T
(g)
H are defined in Eqs. (3.2) and (4.2), respectively. In this approach we take the η ′ wave-function in the form similar to the pion wave-function [23, 14] :
where p = q for quark or antiquark and p = g for gluons, the constant C is defined in Eq. (2.3), and φ (q) and φ (g) have the form presented in Eqs. (2.4) and (2.5), respectively. We assume that the transverse parts of the quark and gluonic components of the η ′ wavefunction are universal and have a simple Gaussian distribution in the separation length
The parameter a can be determined from the average transverse momentum of the η ′ -meson. For the numerical analysis we take the transverse size parameter a −1 = 0.861 GeV, obtained for the π-meson by Kroll et al. [14, 23] . The soft-gluon emission from the quark, antiquark and gluons inside the η ′ -meson can be taken into account by including the QCD Sudakov factors S (p) (x, Q, b) in Eqs. (5.1) and (5.2).
We shall perform our analysis by taking into account the next-to-leading logarithmic (NLL) contribution to the Sudakov factors, which are known for both the quark [34] and gluonic [35] cases. In applications to form factors of mesons the Sudakov factor is [32] :
4) where the Sudakov function s p (Q, b, C 1 , C 2 ) for an external quark (p = q) or gluon (p = g) line can be presented in the following general form [30] :
The integral term in Eq. (5.4) arises from the application of the renormalization group to the η ′ -meson wave-function as well as to the hard scattering amplitude. The upper limit t 2 is defined by the largest mass scale appearing in the hard scattering amplitude. The functions γ p (α s ) are the anomalous dimensions of the partons inside the η ′ -meson in the axial gauge [36] :
Notice that as the energy parameter of the Sudakov function one should use the energies xQ andxQ of the η ′ -meson constituents which are, in general, different. The functions A p (α s ) and B p (α s ) are perturbatively computable as power series in the strong coupling constant α s :
where A (n) p and B
(n) p are the expansion coefficients, specified below up to the next-toleading logarithmic (NLL) accuracy. We recall that the coefficients A p give the NLL terms, reflecting the effects of both soft and collinear gluon emission. These coefficients are also process-independent but they depend on the renormalization and factorization schemes through the parameters C 1 and C 2 . The next expansion coefficients are processdependent, as demonstrated recently for B (2) p [38] . However, to the NLL accuracy, we do not require them. The coefficients of the LL and NLL terms of the Sudakov exponent for quarks [30, 34, 39] and gluons [35] are:
where γ E is the Euler constant, n f is the number of active quarks (with masses m q < C 2 Q), the coefficient K [34] is:
and β 0 has been specified earlier in Eq. (2.6). Note that the coefficient B
(1) q given above in Eq. (5.8) is taken from Ref. [17] and it differs from the corresponding coefficient given in Ref. [35] .
The knowledge of the LL and NLL perturbative coefficients A
p , and B
(1) p as well as the strong coupling α s (q 2 ) at the two-loop level (2.6) allows to get the explicit expression for the LL and NLL terms of the Sudakov functions in the form:
. Let us discuss the range of the impact parameter b. In general, it is defined as a positive variable but in the region b ≥ 1/Λ the Sudakov exponent diverges due to the Landau pole in the QCD coupling α s (µ 2 ) at µ = Λ. In this case the perturbative calculation is no longer valid and a prescription for parametrizing the non-perturbative physics in the low transverse momentum (or large b) region is necessary. We shall restrict ourselves to the region b < 1/Λ. There also exists a lower bound on the Sudakov function, arising from the consideration that the transverse momentum of the emitted gluons is not allowed to be large, i.e., we have to restrict to the region |k ⊥ | ≪ C 2 Q, where C 2 Q is the hard scale. Thus, the region of applicability of the Sudakov formalism is limited to the region:
In the following it is necessary to fix the arbitrary parameters C 1 and C 2 . The constant C 1 determines the onset of the non-perturbative physics. The renormalization constant C 2 specifies the scale of the hard scattering process. Following Ref. [32] , we make the choice C 1 = 1 and C 2 = 1/ √ 2 in our analysis 1 . Using the definitions of theand gluonic parts of the η ′ -meson vertex (3.4) and (4.4), respectively, the results for the corresponding vertices, including the dependence on the transverse momenta, are:
For the space-like gluon virtualities (q 2 )) the integration over the transverse momentum k ⊥ can be done resulting in the modified Bessel function of order zero, K 0 (z). Taking this into account and substituting the η ′ -meson wave-function (5.3), the quark and gluonic contributions reduce to the two-dimensional integrals of the form:
where
with the dimensionless parameters defined as The arguments of the Bessel functions K 0 (bQλ + (x, ω, η)) and K 0 (bQλ + (x, ω, η)) in the η ′ -meson vertex define the largest scale parameter t in the Sudakov factor (5.4):
14)
The dependence of the Sudakov factors S (q) (x, Q, b) and S (g) (x, Q, b) on the impact parameter b at x = 1/2 and Q = 10Λ, 20Λ and 50Λ is presented in Fig. 8 . It is seen that the Sudakov factors give a cut-off in addition to the restriction b ≤ 1/Λ of the cut-off of the integration interval over b. With increasing the typical mass scale Q this effect is stronger in the quark contribution.
In Fig. 9 we show the distribution of the quark and gluonic parts of the vertex in the impact parameter space integrating here with a variable cut off, b cut . The curves, showing ′ g * g * vertex is observed for the quark contribution as Q increases while the gluonic one is mildly sensitive to the typical mass scale. At the largest value shown, Q = 50Λ, the quark curve is quite flat for b cut ≥ 0.2 which indicates a small contribution from this region. As for the smaller values, for example, Q = 10Λ, the vertex gets a rather large contribution from large distances in the impact parameter space. The gluonic part of the vertex receives the main contribution from the short distances b ≤ 0.3. In contrast to the quark contribution, the gluonic contribution is negative and decreases the summed vertex function by approximately 20%.
To obtain the η ′ -meson vertex for the time-like gluon virtualities one has to replace Q 2 → −Q 2 and |η| → −η in Eqs. (5.12) and (5.13). The vertex is an analytic function of the scale parameter Q 2 and it can be analytically continued from the space-like Q 2 region to the time-like one. As mentioned earlier, the η ′ g * g * vertex results from convoluting the η ′ -meson wave-function and the hard scattering amplitude kernel. As we do not take the QCD corrections to the hard scattering amplitude into account, the strong coupling, α s (q 2 ), has the same dependence on the scale parameter in both the space-like and timelike regions (
. The other component of the η ′ -meson wavefunction sensitive to the transition from the space-like region to the time-like one is the Sudakov factor (5.4). The analytic continuation of the Sudakov factor was analyzed in Refs. [40, 33] with the result that the time-like and space-like form factors have the same scale dependence in the asymptotic regime. We use the space-like expression for the Sudakov factor to study the η ′ g * g * vertex for the time-like gluon virtualities. The hard scattering amplitude kernel gives the additional transfer momentum dependence due to the quark and gluon propagators. We recall that, in general, the propagator is defined in the complex momentum plane and, hence, it can have both real and imaginary parts in the time-like region of the momentum due to iǫ term in the denominator. Here, we perform the analysis of the propagators in the transverse momentum space keeping their transverse momenta dependence. In mHSA it is more convenient to operate with the Fourier transform of the propagators in the impact parameter space but this analysis can be easily reformulated in terms of the impact parameter b, which is the conjugate variable to k ⊥ . The k ⊥ integration plane can be divided in several regions as shown in Fig. 10 . The interval 0 < |k ⊥ | < Λ is the nonperturbative region. We note that the Brodsky-Lepage approach, in which the dependence on the transverse momentum is neglected, corresponds to the point k ⊥ = 0 in Fig. 10 . It is seen that this transverse momentum value lies in the deeply nonperturbative region and too far from the contributing region of the transverse momentum integration. It means that in the Brodsky-Lepage approach the imaginary part of the η ′ g * g * vertex can not be calculated correctly and the natural prescription is to drop it altogether. Another consequence of the approximate forms of the propagators in the Brodsky-Lepage picture is the appearance of the singularity in the η ′ g * g * vertex in the region close to the η ′ -meson mass. The interval |k ⊥ | > Λ can be effectively divided into two regions: the soft-gluon region (SGR) where the Sudakov factor is taken into account and the hard-gluon region (HGR) where the Sudakov effect is absent. In Fig. 10 we also point out the value of √ xxa −1 to show the importance of the transverse momentum distribution of the η ′ -meson wave-function. In the region |k ⊥ | > √ xxa −1 the contribution to the vertex is effectively suppressed by the assumed Gaussian behavior of the transverse momentum distribution (5.3).
To calculate the integrals (5.10) and (5.11) over the transverse momentum k ⊥ in the time-like region of the gluon virtualities it is useful to do the analytic continuation of |k ⊥ | in the complex plane. The new feature with respect to the space-like case is that the contour of the transverse momentum integration goes now near the pole located at k the bounds of integration of the variable |k ⊥ |. Therefore, this integral can be evaluated by deforming the contour of the integration in the complex plane of this variable. The pole encountered in our computations when an internal quark or gluon goes on the mass shell do not correspond to an observable state. They appear in the effective η ′ g * g * vertex which is not an observable by itself. Provided this vertex is included in the complete amplitude of some real process such as B → η ′ K and B → η ′ X s , this amplitude will have an additional complex phase factor as a reminder of this singularity. Notice that the complete physical amplitude of the process including the effective η ′ g * g * vertex in a purely hadronic computations has also the poles reflecting the existence of the intermediate physical (mass-shell) states which are hadronic ones. Therefore, it is natural to expect the appearance of the additional phase factor here also. According to the arguments given above, the η ′ g * g * vertex for the time-like gluon virtualities can be obtained from Eqs. (5.12) and (5.13) by changing |η| → −η and
0 (z), J 0 (z) and Y 0 (z) are the second Hankel function, Bessel function of the first kind, and Neumann function, respectively [37] ), it is seen that in contrast to the case of the space-like gluon virtualities the vertex gets an imaginary part. After these changes the quark and gluonic contributions to the η ′ g * g * vertex function are:
, where , η) ) . η ′ g * g are shown as functions of the impact parameter cut off, b cut , in Fig. 11 . As in the case of the space-like virtualities, a fast rise is observed with Q in the region of small values of the impact parameter cut-off. The oscillatory behavior of the cylindric functions results in an oscillatory form of the vertex function for small and moderate values of the impact parameter. The contribution to the vertex from the large distances, b ≥ 0.8, is small. It is also seen that as the scale parameter Q increases, the relative contribution of the imaginary part in the absolute value of the vertex is strongly suppressed, and the vertex is mainly defined by the real contribution in the large Q 2 asymptotics. The asymptotics of the quark part of the vertex F (q) η ′ g * g * in the limit of large Q 2 is:
17) where y ± = (1 ± ω)/2, and the function f 0 (ω) is defined in Eq. (3.11) . In this expression the large asymptotics of the Hankel function should be used: H 
Numerical Analysis and Comparison with Existing Results
In this section we give a numerical analysis of the η ′ g * g * vertex in the time-like and space-like regions, derived in the preceding sections. To that end we specify the input parameters. The dimensional factor C (see Eq. (2.3)) contains the decay constants f q and f s and the mixing angle φ which can be constrained from the existing experimental data. We shall adopt here the Feldmann-Kroll-Stech η -η ′ mixing scheme [20] , which is phenomenologically consistent and satisfies the constraints from chiral perturbation theory [18] , yielding [20] : f q = (1.07 ± 0.02) f π , f s = (1.34 ± 0.06) f π , and φ = 39.3
• ± 1.0
• , where f π ≃ 131 MeV is the pion decay constant. Using the central values of the parameters, one gets C ≃ 2f π ≃ 260 MeV.
The quark and gluonic wave-functions (A.1) and (A.2) contain both free (B
n ) and constrained parameters (ρ
. The constrained parameters are defined in Appendix A, while free parameters can be fitted from the experimental data, for example, from the η ′ γ * γ transition form factor. We take the following restrictions on the first correction to the leading order wave-function (A.1): |B (g) 2 | < 0.1 in order to keep φ (q) (x, Q) close to its asymptotic value: φ as (x) = 6xx, in agreement with the experimental data on the η ′ γ * γ * transition form factor [15] . Taking into account ρ 2 | < 3.0. First, we consider the case when one of the gluons is on the mass shell, which we take for the sake of definiteness to be the second one (q 2 2 = 0). In Fig. 12 we show the leading (long-dashed curve) and next-to-leading (middle-dashed curve) quark contributions as well as the gluonic one (short-dashed curve) for the time-like gluon virtuality (q = 3.0 (the solid curve in Fig. 13 ) with the ones given in the literature. In Ref. [7] , Kagan and Petrov have parametrized the η ′ g * g vertex in the form:
is a phenomenological parameter extracted from the experimental data. Its behavior is described by the longdashed curve in Fig. 13 , labeled as F (KP ) η ′ g * g . In Ref. [5] , Hou and Tseng have parametrized the η ′ g * g vertex as: result compares well with the form used in [7] for a wide range of q 2 1 , but is significantly different (smaller) than the one assumed in [5] and is in complete disagreement with the one assumed in Ref. [4] . Our analysis shows that in the case of the lower possible values of the free parameters: B [7] would result. However, as discussed below, data on the electromagnetic form factor of the η ′ -meson disfavors this choice of the parameters.
We show the results of our calculations for the function q We shall now present the effect of the transverse momenta on the vertex functions. 
is also shown as a dashed line.
To that end, the η ′ g * g * vertex functions |F η ′ g * g * (q 
In the region of small Q 2 , the mHSA-prescription modifies the behavior of the vertex functions as it decreases the gluonic contribution.
The results for the η ′ g * g * vertex with the time-like gluon virtualities (q Figs. 17 and 18 , respectively. We recall that in the considered region of the virtualities, an imaginary part appears in the η ′ g * g * vertex in the mHSA formalism in contrast to the Brodsky-Lepage scheme in which the η ′ g * g * vertex is defined as real by prescription (see Sec. 5). In both approaches, the absolute values of the function describing the η ′ g * g * vertex decrease with increase of the second gluon virtuality, q (left-down plot in Fig. 17 ) is similar.
The typical values of the gluon virtualities at which the vertex function is well described by its asymptotic behavior F η ′ g * g * ∼ 1/Q 2 can be determined from Fig. 19 in both the Brodsky-Lepage and mHSA approaches for the case when one of the gluons is on the mass shell. It is seen that for large Q 2 the vertex functions in both of these approaches are well correlated. In the case of the negative gluon virtualities, the function F η ′ g * g * reaches its asymptotic form at smaller values of Q 2 (Q 2 ∼ 5 − 10 GeV 2 ) than in the case of positive virtualities (Q 2 ∼ 50 − 100 GeV 2 ).
7 Interpolating Formulae for the η ′ g * g *
Vertex
For the applications in various decay and production processes it is useful to find some approximate formulae for the vertex functions which are simple and can be used over a large domain of the gluon virtualities. We recall that Brodsky and Lepage [41] presented an approximate form for the π − γ transition form factor which interpolates between the PCAC value and the QCD prediction in the large Q 2 region. Subsequently, in Ref. [42] , this form was extended to the case of the η ′ − γ transition form factor. Very much along the same lines, a similar expression can be written for the η ′ g * g * vertex: Figure 15 : The η ′ g * g * vertex functions for the space-like gluon virtualities in the forms: |F η ′ g * g * (q where the largest energy scale parameter Q 2 = q 2 for the time-like total gluon virtuality and Q 2 = −q 2 for the space-like one. We introduce also the following function: When one of the gluons is on the mass shell (q 2 2 = 0) the asymptotic functions f 0 (ω) and g 2 (ω) have the following values: f 0 (1) = 1 and g 2 (1) = 1/6. We do not include the nextto-leading quark contribution which is strongly suppressed. In the numerical analysis the usual prescription for the evaluation of strong coupling should be used: it is estimated using the value of the largest scale parameter of the problem. For the anomaly, with real gluons, we use Q 2 = m 2 η ′ . The above expression reproduces both the anomaly value and the large Q 2 asymptotics of the vertex function:
3)
Presented in the form given in Eq. 7.1, the vertex F BL η ′ g * g * (q 2 , ω) is a smooth function in the space-like region of the gluon virtualities but has a pole at q 2 = 8π 2 f 2 π D(q 2 , ω)/ √ 3 in the time-like region. A similar behavior for the η ′ g * g * vertex in the time-like region was obtained by Kagan and Petrov [7] from the evaluation of the triangle diagram.
The mHSA approach removes the unphysical singularity from the vertex in the timelike region of the gluon virtualities but the vertex gets an imaginary part. In this case the real part of the approximate formula interpolates the anomaly value and the large Q 
Appendix A Solutions of Evolution Equations
The solutions for the quark and gluonic wave-functions of the color-and SU(3) F flavorsinglet pseudoscalar meson was obtained in Ref. [22] . Their general forms are: Here, Q 2 is the scale of the hard process, x andx are the momentum fractions of partons inside the pseudoscalar meson, C ν n (x) is the Gegenbauer polynomials of the order n with the index ν [27] . When the index is semi-integer ν = m+1/2, the Gegenbauer polynomials can be defined by the following relation: where Θ(η) is the unit step function. In the limit ω → ±1 this function has a logarithmic divergence:
Another asymptotics of the function J(ω, η) is also used:
At small values of the second argument η → 0 this function has the following asymptotic expansion: 
